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An introduction to Γ-number fields.
Guillermo Mantilla-Soler
Abstract
It follows from generalities of quadratic forms that the spinor class of the integral
trace of a number field determines the signature and the discriminant of the field. In
this paper we define a family of number fields, that contains among others all odd
degree Galois tame number fields, for which the converse is true. In other words, for
a number field K in such family we prove that the spinor class of the integral trace
carries no more information about K than the determinant and the signature do.
1 Introduction
Let K be a number field, OK its maximal order and let rK and sK be the number of real
and complex embeddings respectively. The integral trace form of K is the isometry class
of the Z-quadratic module
〈OK , tK〉
associated to the trace pairing
OK ×OK → Z; (x, y) 7→ TrK/Q(xy).
Since (rK + sK , sK) = Sign(〈OK , tK〉) and disc(K) = det(〈OK , tK〉) (see [9]) it follows
from generalities of quadratic forms (see [1, IX §4]) that the spinor genus of 〈OK , tK〉
determines the signature and the discriminant of K. Besides the trivial case of fields of
degree less than 3, there are some interesting instances where the converse of the above
holds:
Theorem. [5, Theorem 3.2] Let K and L be cubic number fields. Then 〈OK , tK〉 and
〈OL, tL〉 belong to the same spinor genus if and only if disc(K) = disc(L).
Recall that for cubic fields the sign of the discriminant determines the signature of the
field, hence there is not necessary to mention signatures in the above theorem. There are
examples that show that the above theorem can not be extended to isometry class; take
for instance (see [6, Theorem 5.2] and [5, Theorem 3.2]) two non isomorphic cubic fields
of positive fundamental discriminant e.g., any two of the four cubic fields of discriminant
32009. There are some cases in which the isometry class of the trace is determined by the
discriminant and the signature:
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Theorem. [2, Theorems 4.2, 4.5] Let n be a positive integer and let K,L be two tame
Z/nZ-number fields. Then
〈OK , tK〉 ∼= 〈OL, tL〉 if and only if disc(K) = disc(L).
For odd n there is not need to mention the signature since the fields are totally real. As
it turns out, in the above situation, for n even the equality between discriminants imply
the equality of the signatures. The following example shows that the theorem above can
not be extended to arbitrary Galois groups, not even abelian ones. All the examples in
this paper have been obtained with the help of John Jones’ tables of number fields [3].
Example 1.1. Let K and L be the number fields defined respectively by the polynomials
fK = x
4 − 41x2 + 144 and fL = x
4 − x3 − 46x2 − 115x − 35. Both fields are quartic
V4-Galois fields with discriminant equal to 5
2 · 132 · 172. Since in the first field p = 5 has
one prime factor, while in the second it has two, we see using [5, Proposition 2.9] that the
integral traces of K and L are not in the same spinor genus, thus they are not isometric.
In this paper we define a class of number fields for which the discriminant and the
signature are necessary and sufficient to determine the spinor class of the integral trace.
Definition 1.2. Let K be a number field, let p be a rational prime and let e1, ...eg be
the ramification indices of p in K. The prime p is called ǫ-split homogeneous in K if
e1 = ... = eg for all 1 ≤ i ≤ g.
The definition of ǫ-split homogeneous is inspired by the behavior of ramification in
Galois number fields; however there are non Galois number fields in which every prime
is ǫ-split homogeneous e.g., a field in which every ramified prime is totally ramified. For
instance, the number field defined by the polynomial x4− x3 − 7x2 +11x+3 is a S4 field
in which p = 59 is the only ramified prime and such prime is totally ramified.
Definition 1.3. A number field K is called Γ-number field if the following conditions
hold:
(a) The field K is tame i.e., every ramified prime p is not wildly ramified.
(b) Among all the odd primes p that are ramified in K there is at most one prime that
does not satisfy all of the following
• p is ǫ-split homogeneous in K
• There is an odd number of primes in K lying over p
• If e is the ramification degree of p in K then,
[K : Q]
e
is odd.
If there is an odd ramified prime that does not satisfies (b) we call such prime the excep-
tional prime of K.
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Remark 1.4. Notice that the collection of Γ-number fields contains all tame Galois number
fields of odd degree and all tame number fields in which all ramified primes are totally
ramified. However, there can be Γ-number fields that are of even degree, that are not
Galois or in which all their ramified primes are not totally ramified. One such example is
the sextic fieldK defined by the polynomial x6−2x5+3x4−9x3+8x2−7x−5. This is a D12-
number field with discriminant 33 ·233 such that 3OK = P
2
0 and 23OK = (P1P2)
2 for some
maximal ideals Pi. In all the cases mentioned in this remark no field has an exceptional
prime. However, as verified by Example 1.5, there are Γ-fields in which exceptional primes
exist.
For Γ-number fields the signature and the discriminant are enough and sufficient to
determine the spinor genus of the integral trace. Moreover, for non totally real fields this
can be improved to isometry class. This is the content of our main result:
Theorem (cf. Theorem 2.4). Let K,L be two Γ-number fields. Suppose that the set
formed by exceptional primes of K and L contains at most one element. Then 〈OK , tK〉
and 〈OL, tL〉 belong to the same spinor genus if and only if disc(K) = disc(L) and
Sign(〈OK , tK〉) = Sign(〈OL, tL〉). If K is not totally real, then
〈OK , tK〉 ∼= 〈OL, tL〉 if and only if disc(K) = disc(L) and Sign(〈OK , tK〉) = Sign(〈OL, tL〉)
Example 1.5. Consider the sextic fields K and L defined by the polynomials fK :=
x6−x5− 2x4+x3+7x2− 6x+4 and fL := x
6− 3x5+10x4− 15x3+19x2− 12x+3. Both
fields have signature (r, s) = (0, 3), discriminant −33 · 1072 and Galois closure with Galois
group D12. The fields are not isomorphic; in K the prime p = 3 has only one prime lying
over it, while in L it has three. In both fields the prime p = 3 is ǫ-split with ramification
index e = 2. In particular, K and L are Γ-fields that are neither Galois or of odd degree
or with totally ramified primes. Moreover, the prime q = 107 is exceptional in both fields.
Since K is not totally real we know by Theorem 2.4 that 〈OK , tK〉 ∼= 〈OL, tL〉.
2 Proofs of our results
One of the main ingredients we use is the set of α-invariants of a number field; for defini-
tions and properties see [7].
Definition 2.1. Let K be a number and let p be a an odd prime. Let g be the number of
prime factors of p in K and let (e1, ..., eg) and (f1, ..., fg) be the ramification and residue
degrees of p over K. The first ramification invariant of p in K is the integer
αKp :=
( g∏
i=1
efii
)
u(F−g)p ,
where F =
∑
fi and up ∈ {1, ..., p − 1} is the first non quadratic residue modulo p.
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Among the useful properties of such invariants we have that they determine the genus
of the integral trace which in degree at least 3, thanks to [4], is the same as the spinor
genus. The main relation about α-invariants and the integral trace is the following:
Proposition 2.2. [5, Proposition 2.9] Let K,L be tame number fields of degree n ≥ 3.
The forms 〈OK , tK〉 and 〈OL, tL〉 belong to the same spinor genus if and only if the
following conditions hold:
i) disc(K) = disc(L),
ii) sK = sL,
iii) For every finite prime p 6= 2 that divides the common discriminant of K and L we
have that (
αKp
p
)
=
(
αLp
p
)
.
In Γ-fields the αp invariant of a non-exceptional ramified prime can be expressed, up
to squares, in terms of the degree and the discriminant. More explicitly:
Lemma 2.3. Let K be a degree n Γ-field of discriminant d. Let p 6= 2 be a ramified prime
in K chosen not to be the possible exceptional prime. Then,
αKp =
n
n− vp(d)
mod (Z∗p)
2,
where vp denotes the standard p-adic valuation in Q.
Proof. Let p 6= 2 be a ramified prime in K, not exceptional. By definition of α invariants,
and since p is ǫ-split homogeneous, αKp = e
FuF−gp where e is the ramification invariant of
p over K. By hypothesis g is odd, and since n = eF we have, by hypothesis as well, that
F is odd. Thus, αKp = e mod (Z
∗
p)
2. On the other hand, since p is tame, thanks to [8,
Chapter III, Proposition 13], we have that
vp(d) = (e− 1)F = n− F = n−
n
e
from where the result follows.
Theorem 2.4. Let Kand L be two Γ-number fields. Suppose that the set formed by
exceptional primes of K and L contains at most one element. Then 〈OK , tK〉 and 〈OL, tL〉
belong to the same spinor genus if and only if disc(K) = disc(L) and Sign(〈OK , tK〉) =
Sign(〈OL, tL〉). If K is not totally real, then
〈OK , tK〉 ∼= 〈OL, tL〉 if and only if disc(K) = disc(L) and Sign(〈OK , tK〉) = Sign(〈OL, tL〉)
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Proof. We may assume that K and L have degree at least 3. We show the non trivial
implication. Thanks to Lemma 2.3 (
αKp
p
)
=
(
αLp
p
)
for every odd prime p that divides the common discriminant and that is not exceptional.
Since K and L have the same signature
〈OK , tK〉 ⊗ R ∼= 〈OL, tL〉 ⊗ R.
Since both fields are tame (see [5, Proposition 2.7])
〈OK , tK〉 ⊗ Z2 = 〈OL, tL〉 ⊗ Z2.
Moreover, from generalities of Zp-quadratic forms (see [1, Chp 8, Lemma 3.4]) the two
forms are isometric over Zp for every odd not ramified prime p. Hence,
〈OK , tK〉 ⊗ Zp = 〈OL, tL〉 ⊗ Zp
with one possible exception; an exceptional prime if it exists. Therefore, by the Hasse-
Minkowski principle we have that for every p
〈OK , tK〉 ⊗Qp = 〈OL, tL〉 ⊗Qp.
It follows from [5, Lemma 2.1] and [7, Theorem] that(
αKp
p
)
=
(
αLp
p
)
for every prime p. The result follows from [5, Proposition 2.9 and Theorem 2.13].
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